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Abstract. We consider a test, non-null electromagnetic field special in the sense that the principal null
directions of the field lie along the two repeated principal null directions of the type D vacuum background.
We prove that the special non-null field is a valid solution of the Maxwell equations on a type D background.
This field behaves as 1/r2 and the only non-vanishing Maxwell scalar is φ1 so it can be called the Coulomb
field. We show that the contribution to the energy and angular momentum fluxes of the Coulomb field
vanishes at any surface of integration, on the type D vacuum backgrounds Kerr, Kerr-Taub-NUT, Taub-
NUT, and Schwarzschild. Therefore this field does not lead to any perturbations of the mass and angular
momentum parameters of these space-times.
PACS. 04.20.Gz Spacetime topology, causal structure, spinor structure – 04.70.Bw Classical black holes
1 Introduction
A space-time can be identified conveniently by its response
to external perturbations. In that context, the study of
black hole perturbations has gained considerable interest
both in relativistic astrophysics and mathematical physics.
The first achievement in this area regarding the electro-
magnetic field was to reduce Maxwell’s equations in Kerr
geometry to a single second order partial diferential equa-
tion [1]. The most important contribution is definitely due
to Teukolsky and Press who decoupled and separated wave
equations and derived asymptotic solutions for electro-
magnetic gravitational and neutrino perturbations of Kerr
black holes, also analysed the interaction of black holes
with test fields [2,3]. Teukolsky decoupled the wave equa-
tions for the perturbations in a general context which ap-
plies to all type D vacuum space-times. This is achieved by
employing the Newman-Penrose two spinor formalism [4].
Then he proceeds to apply separation of variables on Kerr
background. As Kerr geometry admits two Killing vectors
Ka1 = (∂/∂t)
a and Ka2 = (∂/∂φ)
a the separation of the
t and φ coordinates is expected. It turns out that the r
and θ dependence of the perturbations can also be sepa-
rated. A new version of Teukolsky’s master equation was
derived in [5]. The decoupling and separation of variables
of the perturbation equations was studied on various type
D vacuum backgrounds including the Taub-NUT [6], the
Kerr-Taub-NUT [7], and the C metric [8]. In particular,
there exists detailed analysis of the electromagnetic per-
turbations of space-times [9,10,11,12,13,14,15].
In this work we consider a test, non-null electromag-
netic field in type D vacuum space-times which is special
in the sense that the principal null directions of the field lie
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along the two principal null directions of the type D vac-
uum background. For such special fields the decoupling
and separation of variables of Maxwell’s equations is triv-
ial. The problem is to prove whether this field can exist
on a type D vacuum background; i.e. it is a valid solution
of Maxwell equations on this background.
The outline of the papers is as follows: In the introduc-
tion we briefly review the necessary formalisms. In section
(2) we prove the existence of the special electromagnetic
field and evaluate its behaviour on type D vacuum back-
grounds. In section (3) we calculate the energy and angu-
lar momentum fluxes due to the special field to calculate
the perturbations of the mass and angular momentum pa-
rameters of the background geometry.
1.1 Newman-Penrose formalism
In most of the relevant works Newman Penrose (NP) two
spinor formalism is used [4]. This formalism is based on
a spin basis (o, ι) endowed with a symplectic structure
ǫAB = −ǫBA.
ǫABo
AoB = ǫABι
AιB = 0
ǫABo
AιB = 1
(1)
The spin basis induces a tetrad of null vectors.
la = oAo¯A
′
na = ιAι¯A
′
ma = oAι¯A
′
m¯a = ιAo¯A
′
(2)
The NP null tetrad satisfies
lan
a = nal
a = −mam¯a = −m¯ama = 1
lam
a = lam¯
a = nam
a = nam¯
a = 0 (3)
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The projection of derivatives onto the null tetrad are de-
fined by conventional symbols.
= D = la∇a, ∆ = na∇a, δ = ma∇a, δ¯ = m¯a∇a
= naD + la∆− m¯aδ −maδ¯ (4)
NP spin coefficients are defined by
DoA = ǫoA − κιA DιA = πoA − ǫιA
∆oA = γoA − τιA ∆ιA = νoA − γιA
δoA = βoA − σιA διA = µoA − βιA
δ¯oA = αoA − ριA δ¯ιA = λoA − αιA
(5)
One can also define the spin coefficients in the form oADoA =
κ, oADιA = ǫ , which is manifest in (5).
Since we are only dealing with scalars for any NP quan-
titiy φ, ∇[a∇b]φ = 0. This leads to commutation relation
for NP derivative operators.
(δD −Dδ)ψ = [(α¯+ β − π¯)D + κ∆− (ρ¯+ ǫ− ǫ¯)δ − σδ¯]ψ
(∆D −D∆)ψ = [(γ + γ¯)D + (ǫ+ ǫ¯)∆− (τ¯ + π)δ − (τ + π¯)δ¯]ψ
(δ∆−∆δ)ψ = [−ν¯D + (τ − α¯− β)∆+ (µ− γ + γ¯)δ + λ¯δ¯]ψ
(δ¯δ − δδ¯)ψ = [(µ¯− µ)D + (ρ¯− ρ)∆+ (α− β¯)δ − (α¯ − β)δ¯]ψ(6)
The commutation relations (6) are identically satisfied for
the derivative operators acting on any scalar ψ.
1.2 Electromagnetic and gravitational perturbations in
NP formalism
Let us first introduce the totally antisymmetric Maxwell
tensor Fab with its spinor equivalent FABA′B′ . We define
φAB ≡ 1
2
FABC′
C′ = φBA (7)
This leads to
FABA′B′ = φABǫA′B′ + ǫABφ¯A′B′ (8)
The form of source free Maxwell equations in NP formal-
ism is very simple.
∇AA′φAB = 0 (9)
There are four complex equations here by A′, B = 0, 1,
corresponding to eight real Maxwell equations. The sym-
metric valence 2 spinor φAB generates 3 complex scalars
via
φ0 = φABo
AoB φ1 = φABo
AιB φ2 = φABι
AιB (10)
The NP description of electromagnetism is given in terms
of the scalars (10). Also note that
φAB = φ2oAoB − 2φ1o(AιB) + φ0ιAιB (11)
The explicit form of Maxwell’s equations in terms of NP
scalars can be derived.
(D − 2ρ)φ1 − (δ¯ + π − 2α)φ0 + κφ2 = 0
(D − ρ+ 2ǫ)φ2 − (δ¯ + 2π)φ1 + λφ0 = 0
(δ − 2τ)φ1 − (∆+ µ− 2γ)φ0 − σφ2 = 0
(δ − τ + 2β)φ2 − (∆+ 2µ)φ1 − νφ0 = 0
(12)
Any totally symmetric spinor can be decomposed in
terms of univalent spinors (see e.g. [16,17]). Hence we may
decompose the spinor equivalent of Maxwell tensor.
φAB = α(AβB) (13)
α and β are called the principal spinors of φAB. If α and
β are proportional then α is called a repeated principal
spinor of φ, and φ is said to be algebraically special or
null, or of type N . The corresponding real null vector αa =
αAα¯A′ is called a repeated principal null direction. If α and
β are not proportional then φ is said to be algebraically
general or type I, or non-null.
To formulate gravity let us define the spinor equivalent
of the Weyl tensor Cabcd.
Cabcd + iC
∗
abcd = 2ΨABCDǫA′B′ǫC′D′ (14)
ΨABCD is totally symmetric and satisfies the spinor ana-
logue of Bianchi identities in vacuum
∇DD′ΨABCD = 0 (15)
The explicit form of Bianchi identities are derived in [4].
(Also see [16,17]) Since ΨABCD is totally symmetric there
exists univalent spinors αA, βB, γC , δD such that
ΨABCD = ψα(AβBγCδD) (16)
αA, βB, γC , δD are called the principal spinors of ΨABCD.
The corresponding real null vectors determine the princi-
pal null directions of ΨABCD. The classification of space-
times according to the principal null directions of the Weyl
tensor is known as Petrov classification. As in the case of
electromagnetism if none of the principal null directions
coincide, the space-time is algebraically general of type I,
and if all four principal null directions coincide the space-
time is of type N. If there are two pairs of repeated prin-
cipal null directions the space-time is of type D.
1.3 The conditions for the existence of special fields
Algebraically special (null) electromagnetic fields are known
to exist in space-times that admit a shear free, geodesic
null congruence [18]. Existence of the fields refers to the
fact that the integrability conditions are satisfied by Maxwell
equations (also see e.g. [17,16]). Let us consider a null elec-
tromagnetic field with principal direction la such that the
only non-vanishing Maxwell scalar is φ2 = φ. Maxwell
equations (12) reduce to
Dφ = ρφ, δφ = (τ − 2β)φ (17)
A solution for (17) does not necessarily exist, since the
commutation relations (6) should also be satisfied. Using
NP field equations one derives that a solution for (17)
exists if the spin coefficients satisfy κ = σ = 0, i.e. if the
background spacetime admits a geodesic, shear free null
congruence with tangent vector la. (see [17,16])
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2 The special non-null electromagnetic field
It is known that electrovacuum solutions for type D space-
times exist such that the two repeated principal null con-
gruences of the Weyl tensor are aligned with the two prin-
cipal null congruences of the non-null electromagnetic field [19].
(Also see [20] and references therein). In this work, we
consider an algebraically general (non-null) test electro-
magnetic field in type D vacuum space-times, which is
special in the sense that the principal null directions of
the electromagnetic field lie along the repeated principal
null directions of the space-time. First, we have to prove
that such a special field is a valid solution of Maxwell’s
equations on type D vacuum background.
Theorem 1 Type D vacuum space-times admit a special,
test, non-null electromagnetic field, such that the two prin-
cipal null directions of the electromagnetic field lie along
the repeated principal null directions of the space-time.
Proof Naturally we choose a spinor basis (o, ι) for a type
D space-time such that the two principal null directions
correspond to lA = oAoA
′
and nA = ιAιA
′
. Consider an
algebraically general test electromagnetic field
φAB = φo(AιB) (18)
which is special in the sense that its principal null direc-
tions are parallel to those of the background space-time.
(A test field is one that has a negligible effect on the
background geometry.) From (10) and (11) we see that
φ0 = φ2 = 0. The only non-vanishing Maxwell scalar is
φ1, which equals −φ/2 according to our definition (18).
Then, Maxwell equations have the form:
Dφ1 = 2ρφ1
∆φ1 = −2µφ1
δφ1 = 2τφ1
δ¯φ1 = −2πφ1
(19)
We have to prove that a solution for the system (19), i.e.
a solution of Maxwell’s equation such that the only non-
vanishing Maxwell scalar is φ1, exists in a type D back-
ground. If a space-time is of type D the only non-vanishing
scalar of the Weyl tensor is Ψ2. In this case the Bianchi
identities in vacuum reduce to
DΨ2 = 3ρΨ2
∆Ψ2 = −3µΨ2
δΨ2 = 3τΨ2
δ¯Ψ2 = −3πΨ2
(20)
The integrability conditions for the systems (19) and (20)
are identical. In other words the integrability conditions
for the existence of a special test electromagnetic field in
the form (18), in a type D background, are identical with
the conditions for the existence of the type D background
itself. Thus, there exists a special non-null test electro-
magnetic field in every type D background.
The integrability conditions for the existence of type D
vacuum space-times were derived by Kinnersley [21]. Let
us re-derive these conditions in a way that clarifies their
equivalence with the integrability conditions for the sys-
tem (19), as suggested by theorem (1). Let θ = lnφ1 for
(19) and θ = lnΨ2 for (20). Then the systems reduce to
(κ = σ = λ = ν = ǫ = 0)
Dθ = Cρ, ∆θ = −Cµ, δθ = Cτ, δ¯θ = −Cπ (21)
where C = 2 for (19) and C = 3 for (20). First consider
the commutation relation for D and ∆.
(∆D −D∆)θ = [(γ + γ¯)D − (τ¯ + π)δ − (τ + π¯)δ¯]θ
= C[ρ(γ + γ¯)− τ(τ¯ + π) + π(τ + π¯)]
= C[ρ(γ + γ¯)− τ τ¯ + ππ¯] (22)
We also have
(∆D −D∆)θ = ∆(Cρ)−D(−Cµ) = C(∆ρ+Dµ) (23)
The first integrability condition is derived by equating (22)
and (23)
∆ρ+Dµ = ρ(γ + γ¯)− τ τ¯ + ππ¯ (24)
The condition (24) is not identically satisfied by NP field
equations. Similarly the commutators (δ¯D−Dδ¯) and (δ¯∆−
∆δ¯) lead to non-trivial conditions that are not identically
satisfied by NP field equations. (The other commutators
lead to conditions that are identically satisfied by NP field
equations as in the case of null electromagnetic fields.)
δ¯ρ+Dπ = ρ(α+ β¯) (25)
δµ+∆τ = τ(γ − γ¯)− µ(α¯+ β) (26)
The conditions (24), (25), and (26) are imposed on the
background space-time so that a solution for the system
(19) exists (the case C = 2). Also they are the conditions
that a type D space-time itself exists (the case C = 3).
2.1 Behaviour in Kerr space-time
We have proved the existence of the special non-null elec-
tromagnetic field in type D vacuum space-times. For that
field the only non-vanishing Maxwell scalar is φ1. We are
particularly interested in its asymptotic behaviour in Kerr
space-time. From NP field equations for type D space-
times, we have Dρ = ρ2. This leads to the solution
φ1 = ρ
2C1 (27)
where C1 is independent of r. In Kerr space-time ρ =
−(r − ia cos θ)−1 so the special field behaves as 1/r2 ev-
erywhere. In fact, the general expression for ρ in a type D
space-time is ρ = −(r+iρ0)−1, where ρ0 is independent of
r [21], so 1/r2 behaviour applies to every type D vacuum
space-time. Since the only non-vanishing Maxwell scalar
for the special non-null electromagnetic field is φ1, and the
field behaves as 1/r2, it can be called the Coulomb field
around the black holes.
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3 Perturbations of the space-time parameters
due to Coulomb fields
The effect of a test field on the background geometry is
negligible, by definition. Though the interaction of a test
field with the background space-time is not supposed to
change the structure of the metric tensor, it is expected
to lead to some perturbations on the parameters of the
background metric. In this section we evaluate the pertur-
bations of the mass (M), and angular momentum (a) pa-
rameters of Kerr and Kerr-Taub-NUT metrics, due to the
Coulomb field. The existence of the Coulomb field on these
backgrounds is guaranteed by theorem (1), since they are
type D vacuum solutions of Einstein’s equations.
Kerr solutions are stationary and axisymmetric so that
they admit two Killing vectors ∂/∂t and ∂/∂φ. This prop-
erty allows the definition of globally conserved energy and
angular momentum for the test fields or particles in this
space-time. In this respect, the rates of change in the cor-
responding background parameters can be expressed as
fluxes through a space-like hyper-surface. The current con-
servation equation ∇a(T acKc) = 0 (where K is a Killing
vector) leads to(
dM
dt
)
= −
∫
S
√−g T 10dθdφ (28)
and (
dL
dt
)
=
∫
S
√−g T 13dθdφ (29)
where S is the surface of integration. In equations (28) and
(29), the metric signature (+,−,−,−) is adopted. The en-
ergy momentum tensor for electromagnetic fields in terms
of Maxwell’s scalars, is given by
4πTµν = {φ0φ∗0nµnν + 2φ1φ∗1[l(µnν) +m(µm∗ν)] + φ2φ∗2lµlν
−4φ1φ∗0n(µmν) − 4φ2φ∗1[l(µmν) + 2φ2φ∗0mµmν}+ c.c.(30)
where c.c. denotes complex conjugate. For the Coulomb
field, the only non-vanishing Maxwell scalar is φ1.The en-
ergy momentum tensor reduces to
4πTµν = 2φ1φ
∗
1[l(µnν) +m(µm
∗
ν)] + c.c. (31)
Now consider the NP tetrad for the Kerr-Taub-NUT met-
ric.
lµ = [(Σ + aA)/∆, 1, 0, a/∆], nµ = [(Σ + aA),−∆, 0, a]/(2Σ)
mµ = [A csc θ, 0,−i, csc θ]/[
√
2(ℓ− ir + a cos θ)] (32)
where Σ = r2 + (ℓ + a2 cos θ)2, ∆ = r2 − 2Mr − ℓ2 + a2,
and A = a sin2 θ−2ℓ cosθ. Tetrad (32) represents the Kerr
metric when ℓ = 0, the Taub-NUT metric when a = 0,
and the Schwarzschild metric when ℓ = a = 0. Using this
tetrad, one can derive
[l(1n0) +m(1m
∗
0)] = [l(1n3) +m(1m
∗
3)] = 0 (33)
(31),(32) and (33) imply that T 10 and T
1
3 identically van-
ish. Substituting these in (28) and (29), one derives(
dM
dt
)
b.h
=
(
dL
dt
)
b.h
= 0 (34)
The contribution of the Coulomb field to the radial energy
and angular momentum fluxes vanishes at every surface
of integration. Thus, the perturbations for the mass and
angular momentum parameters due to the Coulomb field
vanishes, for the type D vacuum backgrounds Kerr, Kerr-
Taub-NUT, Taub-NUT, and Schwarzschild. The space-
times identically retain their initial states since the geom-
etry is uniquely determined by the parameters (M,a, ℓ).
4 Summary and conclusions
In this work, we first proved that type D vacuum space-
times admit a special test electromagnetic field such that
the principal null directions of the electromagnetic field
coincide with those of the space-time. This corresponds
to a solution of Maxwell equations such that the only
non-vanishing Maxwell scalar is φ1. It turns out that the
integrability conditions for the existence of the relevant
electromagnetic field in a type D vacuum space-time are
identical with the conditions of the existence of the space-
time itself. Next, we stated that the solution for this elec-
tromagnetic field has the form φ1 = ρ
2C1, so it behaves
as 1/r2 everywhere, and in every type D vacuum space-
time. This special field can be called the Coulomb field. We
showed that the contribution of the Coulomb field to en-
ergy and angular momentum fluxes vanishes at every sur-
face of integration, for the Kerr, Kerr-Taub-NUT, Taub-
NUT, and Schwarzschild backgrounds. Thus, the Coulomb
field does not lead to any perturbations of the mass and
angular momentum parameters of these space-times.
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